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With the advent of hybrid quantum classical algorithms using parameterized quantum circuits
the question of how to optimize these algorithms and circuits emerges. In this paper we show that
the number of single-qubit rotations in parameterized quantum circuits can be decreased without
compromising the expressibility or entangling capability of the circuit. We also compare expressibility
and entangling capability across different number of qubits in parameterized quantum circuits. We
also consider a parameterized photonics quantum circuit, without any single-qubit rotations, which
yields an expressibility and entangling capability comparable to the best regular parameterized
quantum circuits.
I. INTRODUCTION
A large-scale, fault-tolerant, universal quantum com-
puter is one of the end goals in the quest of quantum
information technology. Despite the fact that we are
closer to this significant milestone than ever before, it
may take years before we actually conquer this. In fact
current quantum technology supports only a couple of
tens of qubits and a few hundred gate operations before
the noise becomes too overwhelming. Nonetheless there
is growing consensus that these Noisy Intermediate-Scale
Quantum (NISQ) devices may find useful application in
the near future [1].
A strategy for optimizing the use of noisy quantum
hardware is to divide the computational tasks between
classical and quantum resources. Such a scheme is called
hybrid quantum classical (HQC) algorithms. Examples
of such HQC algorithms are quantum approximate opti-
mization algorithm (QAOA) [2–4], quantum autoencoder
(QAE) [5], quantum variational error corrector (QVEC-
TOR) [6], classification via near term quantum neural
networks (QNN) [7–9], quantum generative adversarial
networks (qGAN) [10–13], and variational quantum eigen-
solver (VQE) [14–18]. Common for all these algorithms
are that they share a quantum subroutine for produc-
ing parameterized trial states, where the parameters can
be tuned to optimize a function value. Thus the perfor-
mance of these algorithms depends on the configuration
of the parameterized quantum circuits (PQC). This has
led to several studies of circuit properties and capabilities
[19–23]. In particular Sukin Sim et al. [19] has charac-
terized the power of parameterized quantum circuits into
expressibility and entangling capability.
In this article we focus on the effect of single-qubit ro-
tations on parameterized quantum circuits. In particular
we investigate whether it is possible to saturate the ex-
pressibility and entangling capability when adding more
∗ stig@phys.au.dk
† zinner@phys.au.dk
single-qubit rotations. While single-qubit rotations are
often cheap to implement in the quantum circuit, they do
sum up to many variational parameters for the classical
optimization. The computational complexity of the classi-
cal optimization goes like O(M), where M is the number
of single-qubit rotations. Thus reducing the number of
rotations will lead to a computational speed up. So far the
use of the mentioned HQC algorithms have been entirely
based on rotationally saturated PQCs. This makes sense
since single-qubit rotations are cheaper than entangling
gate in an experimental implementation, for few qubits,
when the number of qubits increases, which is necessary,
e.g., if VQE is to be used on larger molecule outside the
scope of classical computations. There is immediately two
problems with fully saturated single-qubit rotations for
PQCs consisting of many qubits: (i) Optimizing classical
parameters is very expensive and time consuming when
the number of parameters increases, (ii) redundant pa-
rameters increases the risk of the optimization algorithm
getting stuck. We therefore pose the question: How many
rotations are necessary in order to run these algorithms?
This is the focus of Section II.
We also consider how the expressibility and entangling
capability are affected when the number of qubits in
the parameterized quantum circuit is increased up to ten
qubits, where previous investigations have only considered
4 qubits [19]. In particular we consider how different
entangling gates perform when the number of qubits is
increased, in Section III.
Finally we present a parameterized photonics quantum
circuit with a high expressibility and an asymptotic entan-
gling capability towards unity, with just one layer and no
single-qubit rotations. This can be found in Section IV.
In Section V we present a summary and outlook for future
work.
II. SINGLE-QUBIT ROTATIONS
In the VQE framework the quality of the results de-
pends on how well a parameterized quantum circuit, rep-
resented by a parameter-dependent unitary matrix, Uˆ(θ),
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Figure 1. General implementation of a parameterized quantum
circuit (PQC). Single-qubit rotations are denoted Rx, Ry,
and Rz, while the multi-qubit block indicates multi-qubit
operations. The initial layer (red) consists of two single-qubit
rotations on each qubit and a multi-qubit gate, the bulk layers
(blue) consists of three single-qubit rotations on each qubit and
a multi-qubit gate, while the final part of the circuit consists
of two single-qubit rotations on each qubit.
can map an initial state of N qubits |0 · · · 0〉, to the ground
state of a Hamiltonian Hˆ. This is equivalent to optimizing
θ such that the expectation value of the Hamiltonian,
E(θ) = 〈0 · · · 0|Uˆ(θ)†HˆUˆ(θ)|0 · · · 0〉, (1)
is minimized. The parameters, θ, of the circuit are usually
related to single-qubit rotations. Consider the PQC in
Fig. 1, it consist of N qubits and L layers, where each
layer implements a general rotation on the Bloch sphere,
consisting of three individual rotations, one around each
dimension, and a multi-qubit gate V , allowing to entangle
the qubits. Since each qubit is initialized in the |0〉 state,
any initial rotation about the z-axis is irrelevant, and an
arbitrary Bloch rotation in the first layer (red) can be
parameterized with two single-qubit gates. For the bulk
layers (blue) we need three rotation gates on each qubit.
In many quantum algorithms, one measures each qubit
in the z-basis which by the same assumption makes final
z-rotations irrelevant. However, in VQE the computation
is finalized by measuring expectation values of Pauli op-
erators, in which case all degrees of freedom matter for
the qubit. Nevertheless, here we take the final rotations
of the circuit (green) as a z- and x-rotation. Notice that
the green gates are not considered a part of any layer
and that the number of layers is equal to the number of
V operations. For now we assume that the entangling
gates, V , have no variational parameters, meaning that
the total number of parameters is equal to the number of
single-qubit rotations, which can be expressed as
M = N(3L+ 1), (2)
where L is the number of layers and N the number of
qubits For a VQE problem of fixed V , L, and N , we wish
to study the effect of the number of rotations.
We wish to investigate the quality of the PQC as a func-
tion of the number of single-qubit rotations, m ∈ [0,M ],
however, as this will leave 2M possible configurations for
each circuit, we take a stochastic approach. For a given
number of single-qubit rotations, m, we pick a random
circuit configuration producing m variational parameters.
This is equivalent to fixing M − m rotation angles in
Fig. 1 to zero. An example circuit with L = 1, N = 4
Rz
Rx Rz
Rx RxRz
V
Figure 2. Example circuit with N = 4 qubits, L = 1 layer,
and m = 6 randomly configured single-qubit rotations.
and m = 6 is shown in Fig. 2. Producing many randomly
chosen circuit configurations with m rotations allow us to
collect statistics about circuits with a certain ‘rotations
filling degree’.
A. Expressibility
We wish to measure and compare how well a PQC
perform in a HQC algorithm, such as VQE. Currently
the best way to do this is to calculate the expressibility
(and entangling capability as presented in Section II B)
[19]. The expressibility is a general measure of PQC,
which measures how uniformly the initial state |0 . . . 0〉 is
mapped for random circuit parameters into the overall
Hilbert space. This is done by comparing the probability
distribution of the PQC with the probability of a uniform
distribution in Hilbert space, i.e, an ensemple of Haar
random state. In other words the expressibility states
how many states the PQC can approximate.
We calculate the expressibility following the approach
in Ref. [19]:
1. Pick the gate operation, V , qubit number, N , and
number of layers, L.
2. For a given number of rotations, m, pick a random
PQC resulting in a parameterized unitary, Uˆ(θ).
3. Calculate expressibility of the circuit:
(a) Uniformly sample 1000(N + 1) sets of param-
eter vectors, θ1,θ2, i.e., 5000 samples for 4
qubits and 7000 samples for 6 qubits ect.
(b) Compute the overlap fidelity of the final states,
F = |〈0 . . . 0|Uˆ†(θ2)Uˆ(θ1)|0 . . . 0〉|2.
(c) Create a histogram over the fidelities, which
we use to estimate the probability distribution,
P (F ), of the fidelities found in the previous
step. Not that this estimation will depend on
the number of bins in the histogram, nbins. For
the sake of consistency we set nbins = 75 as
in Ref. [19]. However, note that the number
of bins should be increased with increasing
number of qubits.
(d) Compare P (F ) with the probability distribu-
tion achieved from an ensemble of Haar random
states, PHaar(F ) = (2
N − 1)(1−F )2N−2, using
the same number of bins as in the previous step.
3We do this by computing the Kullback-Liebler
divergence
Expr =DKL(P (F )||PHaar(F ))
=
∑
F
P (F ) ln
(
P (F )
PHaar(F )
)
,
(3)
where the sum is taken over the bins. This
measure is known as the expressibility of a
PQC.
4. Calculate the relative expressibility
E = − ln
[
Expr
Expr(Idle circuit)
]
. (4)
Note that for the most expressible circuit that reaches all
final states uniformly, that is P (F ) = PHaar(F ), the ex-
pressibility is 0. On the other hand, the least expressible
circuit (the idle circuit with no gates) the expressibil-
ity takes a large positive value. In this case we have
Expr(Idle circuit) = (2N − 1) ln(nbins), which also illus-
trates the high dependence on the arbitrarily chosen num-
ber of histogram bins. We will therefore normalize our
results with the expressibility of the idle circuit. To bet-
ter resolve the results for the most expressible circuits
(Expr ∼ 0), we take the logarithm and multiply by minus
one in order to make the result positive. We call this the
relative expressibility, see Eq. (4).
Instead of calculating the expressibility via the Haar
measure we could also have used other metrics, such as
the qBAS score, where the probability distribution P (F )
is compared to the bars and stripes data set [24].
Had we instead tried to minimize the expressibility, this
could be considered training the circuit for approximat-
ing a given probability distribution. This unsupervised
machine learning task is also known as generative model-
ing. Such a training model is an example of data-driven
quantum circuit learning (DDQCL) [24].
For each m we sample 100 random circuits and calculate
their expressibility by sampling the parameters of the
circuit as described in the steps above. In Fig. 3 we have
plotted a 2-dimensional histogram of the expressibility as
a function of the number of rotations, m, in the circuit.
The calculations are done with N = 4 qubits in L = 3
layers, allowing for a maximum of M = 40 single-qubit
rotations according to Eq. (2). The calculation is done for
different entangling operations V , displayed as the inset
in each subplot.
For the results of calculations with layers, i.e., L = 1, 2,
and 3 consult Figs. 7, 9 and 11 in Appendix B, where we
also present the result of calculations for 6 and 8 qubits,
Figs. 13 and 15 to 17 and Figs. 18 to 20 respectively. In
each figure we consider different multi-qubit gates, V , in
between the layers of rotation.
Before discussing the details of each of the different
V s we first consider some general features of the results.
First of all of the plots show a ’stripe’ pattern especially
for low expressibility. This indicates that different groups
of circuits can explore different regimes of the Hilbert
space, and the addition of certain rotation gates allows
the circuit to jump to different ’islands’ in the Hilbert
space. Another common feature is that for 8 qubits all
circuit converge towards the same point. This is due
to the choice of nbins. When increasing the number of
qubits the probability distribution of the Haar random
states becomes more centered around zero. This means
that for a fixed number of bins in the histogram, the
first bin will dominate. This decreases the resolution of
the expressibility. This could be fixed by increasing the
number of bins when the number of qubits are increased.
In the present paper we do not change the number of bins,
as we want to compare systems with a different number
of qubits. See Section III.
V = Identity In Fig. 3(a) we consider the case of
no multi-qubit gate, i.e. the identity (note that the single-
qubit rotations are still present; it is V which is the
identity, not the PQC). As we do not expect this to re-
turn a large expressibility, we do this in order to be able
to compare the remaining multi-qubit gates to this. We
see that the the expressibility converges towards a rela-
tive expressibility of E = 6. We see that it has already
converged for 25 single-qubit rotations, meaning that ap-
plying any more rotations does not improve the circuit’s
expressibility. For less layers, we of course observe the
same tendency (for one layer we do not saturate the ex-
pressibility, as we cannot add enough rotations). If we
increase the amount of qubits we also observe that we sat-
urate the expressibility with single rotations. For N = 6
qubits (see Fig. 17(a)) the relative expressibility converges
at E = 7, and is converged around 30 rotations. For 8
qubits we observe the same behavior, i.e., the express-
ibility saturates. This time it converges towards E = 7.5
and convergence is reached for around 30 rotations (see
Fig. 19(a)).
V = cnots One of the most frequently used entan-
gling two-qubit gates is the cnot gate. We therefore con-
sider the case where V is a cnot between each qubit. See
Fig. 3(b) for the case of 4 qubits and 4 layers. Once again
the relative expressibility converges within 30 single-qubit
rotations, however, this time the relative expressibility
goes towards E = 10. Thus the change of entangling
gate increases the expressibility significantly, as expected.
For less layers the story is the same; the expressibility is
saturated for more than 30 single-qubit rotations. This
means that for one and two layers we do not saturate the
expressibility, as we have less than 30 rotations in both
cases. However, any more than three layers of cnots and
30 single-qubit rotations seems to be a waste of resources
as the expressibility does not increase beyond this. For
N = 6 qubits (see Figs. 13 and 15 to 17(b)) we observe
the same tendency, however, the relative expressibility
converges towards E = 9. This happens at around 40
single-qubit rotations, which can be obtained for just two
layers. Turning towards the case of 8 qubits we again
observe a saturation of the expressibility (see Fig. 19(b)).
4Udia
Figure 3. Relative expressibility of different circuits with N = 4 qubits and L = 3 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) three cnots, (c)
diamond gate, (d) double controlled iswap, (e) three swaps, (f) three iswaps, (g) triple controlled not, (h) triple controlled
inot.
Convergence is reached after approximately 30 single-
qubit rotations at a relative expressibility E = 7.5, lower
than for both 4 and 6 qubits, and the same as for no
entangling V gate (see Fig. 19(a)).
V = swaps Another frequently used two-qubit gate
is the swap gate. We therefore consider the case where V
is a swap between each qubit. See Fig. 3(e) for the case
of 4 qubits and 4 layers. We see that this configuration
behaves identically to the identity in subfigures (a). This
is the case for all combinations of layers, L, and qubits,
N . This may not be surprising as the swap gate is not
an entangling gate, with a two-qubit entangling power of
zero [25].
V = iswaps An entangling version of the swap gate is
the iswap gate. The iswap gate has an entangling power
equivalent to the cnot gate, and occurs naturally in
systems with XY -interaction or Heisenberg models, such
as solid state systems [26, 27], superconducting circuits
[28], and in cavity mediated between spin qubits and
superconducting qubits [29–31]. In Fig. 3(f) we present
the relative expressibility where the V gate is an iswap
gate between each qubit. The relative expressibility of
this configuration goes towards the same as for the cnot,
however, it converges a bit slower. For 4 qubits the
difference is about 5 rotations, however, for 6 qubits it is
more obvious with a difference of around 20 single-qubit
rotations (compare Fig. 17(b) and (f)). The behavior for
8 qubits and the iswap gates is the same as for the other
8 qubit PQC.
V = Diamond An example of an entangling 4-qubit
gate is the Diamond gate [32], which is an entangling
swapping gate with two controls, which must be in an
entangling state in order to control the swapping opera-
tion. Contrary to the two-qubit gates mentioned above
the Diamond gate cannot be nicely synthesized by one-
and two-qubit gates. It does, however, naturally occur in
superconducting circuit schemes for quantum information
processing. See Appendix A for more details. due to
the fact that the Diamond gate is a highly entangling
four-qubit gate we expect that it will show a larger ex-
pressibility.
In Fig. 3(c) we present the the expressibility for circuits
with 4 qubits, 4 layers and V = Udia, where Udia is the
Diamond gate. We see that the expressibility converges
rapidly towards E = 10, which it reaches within 20 single-
qubit rotations, which is less than for both the cnot and
iswap gates in subfigures (b) and (f). We observe the
same behavior for 6 qubits (Figs. 13 and 15 to 17(c));
when the Diamond gate is used as an entangling gate,
convergence is reached faster than for the cnot and iswap
gates. For 8 qubits the performance of the Diamond gate
is reduced to the same as the other gates, see Figs. 19
and 20.
V = Multi-qubit gates One might wonder if this
means that multi-qubit gates are superior to two-qubit
entangling gates? We therefore consider a few other multi-
qubit gates. A well known three-qubit gate is the Toffoli
gate, a not gate with two control qubits, [33] due to the
fact that it, together with the Hadamard gate constitutes
a universal set of quantum gates [34]. The Toffoli gate
can straightforwardly be expanded to an n-controlled not
gate [35–38]. Another version of the n-controlled not
gate is the n-controlled inot gate, which is a controlled
not gate which obtains a phase of i if the not gate
is activated. The n-controlled not gate can readily be
implemented in systems where this phase occur natively,
such as superconducting circuits [39]. Related to the
Toffoli gate is the Fredkin gate [40], a controlled swap
gate. The Fredkin gate can also be expanded to a swap
gate with multiple controls. Due to the fact that the
Fredkin gate itself is difficult to implement we consider
instead a multiple controlled iswap gate, as it occurs
5naturally in many solid state system used to implemented
quantum information schemes [41–43].
We consider the n-bit iToffoli, n-bit Toffoli, and the
n-bit iswap gate as the V gate one at a time. The
result of calculations with these gates can be seen in
subfigures (d), (g), and (h) of Fig. 3, respectively, and in
the same subfigures in Appendix B. Common for all three
gates are that they converge towards the same relative
expressibility as the other entangling gates, namely E = 10
for 4 qubits. However, they are much more depended
on the number of rotations, as the convergence point
is only reached for the maximum amount of rotations.
The main difference of the three gates is that the double
controlled iswap in Fig. 3(h) converges a bit faster than
the multiple controlled not gates. This is however, not
something which can be seen for 6 qubits (see Appendix B
Fig. 17), where all three multi-qubit gates converge at
the same rate. Thus the faster conversion of the double
controlled iswap is probably due to the fact that it has
twice as many target qubits compared to the multiple
controlled not gates, something which is less significant
for more qubits. An interesting thing to notice is the fact
that the Diamond gate seems to converge much faster
than the double controlled iswap gate (compare subfigure
(c) to (d)). This is despite the fact that both gates are
swapping gates with two controls. This is probably due
to the fact that the controlling part of the Diamond gate
requires a superposition state in order to activate the
swap, compared to the multiple controlled iswap gate
which does not require a superposition. For 6 qubits (see
Appendix B Fig. 17) we also observe that the three multi-
qubit gates just barely outperform the non-entangling
gates in Fig. 17(a) and (b). This could be due to the fact
that most of the qubits become control qubits when the
number of qubits increases, leaving the gate performing
identity operations on most states.
Table I shows an overview of the saturation points of
the different gates discussed above. We note that there
may be other entangling gates which outperform the gates
we have considered here.
B. Entangling capability
One of the advantages of HQC algorithms over classical
algorithms is their potential ability to generate entan-
gled states. Therefore we also wish to measure how well
quantum circuits can produce entangled states. Reference
[19] proposes to use the entangling capability to measure
this and defines it as the average Meyer-Wallach entan-
glement measure [44], where the average is taken over a
uniformly sampled set of parameters θ. The entangling
capability then lies between zero and one with zero being a
none-entangling circuit and one representing a maximally
entangling circuit. We wish to investigate whether the
entangling capability saturates around the same amount
of single-qubit rotations as the expressibility saturates.
We calculate the entangling capability for the same cir-
Table I. Overview of saturation point, given in number of
single-qubit rotations, m, and number of layers, L, for the
different multi-qubit gates considered in this sections. The
corresponding expressibility and entangling capability is also
show when applicable.
N = 4 N = 6 N = 8
Gate m L Expr Ent m L Expr m L Expr
Identity 25 2 6 - 30 2 7 35 2 7.5
cnots 30 3 10 0.8 40 3 9 35 2 7.5
iswaps 35 3 10 0.8 60 3 9 40 2 7.5
Diamond 20 2 10 0.8 30 2 9 30 2 7.5
Multi-qubit 48 4 10 0.6 40 3 7.5 40 2 7.5
cuits for which we calculated the expressibility. However,
we only consider the circuits with entangling multi-qubit
gates, i.e., not the identity and swap-gates. We expect
that the entangling capability is saturated around the
same point as the expressibility is saturated, in which
case we can conclude that the PQC is indeed saturated.
We present 2-dimensional histograms of the entangling
capabilities in Fig. 4, for the case of N = 4 qubits and
L = 3 layers. For the result of L = 1, 2, and 3 layers
consult Figs. 8, 10 and 12 in Appendix B.
V = cnots and V = iswaps From Fig. 4(a) we ob-
serve that the entangling capability of the case where
we have a cnot gate between each qubit saturates at
around 0.8 at approximately 30 single-qubit rotations,
which is the same as for the expressibility. In the case of
the iswap gate, in Fig. 4(d) we see that the entangling
capability saturates a bit below 0.8 and the saturation
point is later than for the cnot gates. This is comparable
to the expressibility calculation, where the iswap gates
also performed lightly worse than the cnot gates.
V = Diamond The Diamond gate in Fig. 4(b) also
saturates at around 0.8, however, in terms of the num-
ber of single-qubit rotations it out-performs the other
gates having almost saturated already at 20 single-qubit
rotations. This is also comparable to the expressibility
calculation, where the Diamond gate also saturated at
around 20 single-qubit rotations.
V = Multi-qubit gates Finally the three gates
with multiple control perform only averagely with a max-
imal entangling capability of 0.5, see Fig. 4(c), (e), and
(f). Equivalently to the expressibility we need the maxi-
mum number of rotations for the entangling capabilities
to reach maximum.
We conclude that the entangling capability and express-
ibility saturate for the same number of qubit rotations.
Due to the computational complexity, we only sample
entangling capability for 6 or 8 qubits. However, we do
expect the same results as in the 4 qubits case. In the
following section we do, nonetheless, consider the entan-
gling capability and the expressibility as the number of
qubits increases.
6Udia
Figure 4. Entangling capability of different circuits with N = 4 qubits and L = 3 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) three cnots, (b) diamond
gate, (c) double controlled iswap, (d) three iswaps, (e) triple controlled not, (f) triple controlled inot.
III. INCREASING THE NUMBER OF QUBITS
In the light of the fact that all 8 qubit PQC seems
to converge approximately towards the same relative ex-
pressibility, we investigate the relative expressibility as a
function of the number of qubits. We therefore plot the
relative expressibility for different V gates in the top part
of Fig. 5. We plot for up to three layers and in order to
ensure that the expressibility has converged in relation to
the number of single-qubit rotations we use the maximum
number of rotations, i.e., M rotations. We use a selection
of the same gates discussed in the previous section: The
identity, cnot’s, the Diamond gate, the multi-qubit con-
trolled not gate, and a photonics gate which is discussed
in more detail in Section IV.
For less than 8 qubits we observe that the relative ex-
pressibility is quite scattered, with the entangling gates
yielding the best expressibility, and the identity gate yield-
ing worst expressibility. However, as the number of qubits
increases the relative expressibility seems to converge to-
wards E = 6.5 for all cases. This is due to the fact that
when the number of qubits increases the Haar measure
dominate at low fidelity meaning that the lowest bins dom-
inates in the calculation of the expressibility. When the
number of qubit becomes sufficiently large only the lowest
bin becomes relevant when calculating the expressibility.
One should therefore consider increasing the number of
bins if one wishes to investigate the expressibility for more
qubits. However in order to compare the expressibility
for circuits of a different number of qubits one should
have the same number of bins, which is why we have
chosen bins = 75 for all calculations. This also mean that
even though the expressibility seems to converge towards
a lower value for larger N it does not necessarily mean
these PQCs are worst than similar PQC for lower N . It
is simply a result of the way the expressibility is defined.
One should be cautious when comparing across different
number of qubits.
Contrary to the expressibility the entangling capability
is not depended on any number of qubits dependent pa-
rameter, and we does not expect it to converge towards a
specific value for all cases. We plot the entangling capabil-
ity in the bottom part of Fig. 5. Without any entangling
gates the entangling capability is of course zero. When
we introduce the cnot gates we obtain an asymptotically
increasing entangling capability. Not surprisingly we see
that more layers increase the entangling capability of the
cnot gates. We observe that for up to three layers it does
not look like the entangling capability converge towards
one, but rather towards 0.7 for one layer, 0.92 for two
layers, and 0.95 for three layers. However, this could
be fixed simply by adding more layers, in which case it
converges towards one.
The entangling capability of iswap gates between each
qubit is constant for a single layer around 0.3, which
is significantly lower than for the cnot gates, despite
these both having the maximum entangling power [25].
However, increasing the number of layers greatly increases
the entangling capability of the circuit, however, it still
remains inferior to a circuit with cnot gate for the same
amount of layers.
Turning to the Diamond gate we see that for one layer
its entangling capability is approximately equal to that
of the cnot gates, though it does seem to increase a bit
slower than the cnot gate. However, for two layers it
outperforms the cnot gates for three layers. For three
layers of the Diamond gate it looks like the entangling
capability converges towards one.
Contrary to the other entangling gates the entangling
capability of the multi-qubit controlled not gate con-
verges towards zero as the number of qubits increases.
This is probably due to the fact that for a large number of
control qubits the multi-qubit gate resembles the identity
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Figure 5. Top: Relative expressibility and bottom: entangling
capability for different circuit configurations as a function of
the number of qubits. Dark blue colored markers indicates that
no entangling gate is used, i.e., V = I. Red markers indicate
that cnot gates are used as entangling gate, equivalently to
the inset in e.g. Fig. 3(b). Yellow markers indicate that iswap
gates are used as entangling gates, equivalently to the inset in
e.g. Fig. 3(c). Purple markers indicate Diamond gates are used
as entangling gates, equivalently to the inset in e.g. Fig. 19(e).
Green markers indicate that the multi-qubit controlled not
gate is used as an entangling gate equivalently to the inset in
Fig. 3(g). Light blue markers indicates a photonics frequency
comb system circuit consisting of a single phase shaper gate.
Note that the frequency comb system consists of one qudit
with 2N state, where N is the number of qubits in the other
PQCs. See Section IV for details. Crosses indicates one layer
circuit, circles indicates two layers and triangles indicates three
layers. In order to ensure convergence all circuits are simulated
with with the maximum number of rotations, i.e., M rotations,
with the exception of the photonics circuit which have zero
single-qubit rotations.
quite well.
IV. PHOTONIC PARAMETERIZED QUANTUM
CIRCUITS
Is it possible to create powerful parameterized quantum
circuits completely without single-qubit rotations capable
of performing HQC algorithms? This might be useful if
EOM EOM
i
i
Figure 6. Upper: Photonic frequency comb qudit parameter-
ized quantum circuit consisting of a phase shaper gate (ps)
followed a discrete Fourier transform gate (dft) followed by
yet another phase shaper gate. Lower: The gate sequence
used to realize the dft gate consisting of a phase shaper gate
sandwiched in between two electro-optic modulators. The
input state, |i〉, is an even superposition, see Eq. (5).
we consider photonic systems in fiber optics, where each
photon may have more than two internal states [45–50].
Such state featuring d > 2 internal levels are typically
denoted ’qudits’. In this case it may be more favorable
to apply other operations than rotations on two-level
subsets.
We consider a qudit realized by a frequency comb sys-
tem, i.e., where each state |ω〉 corresponding to a photon
with the given frequency. Being in a frequency comb sys-
tem, all neighboring qudit states have the same frequency
difference ∆ω and the states can thus be numbered as
|n〉 = |ω0 + n∆ω〉 with |ω0〉 being some offset frequency.
If the qudit has 2N levels we can easily map each qudit
state to a states of the N qubits. The qubit is initialized
in the even superposition state
|i〉 = 1√
d
d∑
n=1
|n〉. (5)
We consider the single frequency comb PQC in Fig. 6, on
which we act with a single gate: a phase shaper (ps) gate
[51, 52].
The phase shaper gate is configured as a single Fourier
transform phase shaper gate, which in principle works by
separating each frequency and then independently and
in parallel controlling the amplitude and phase of each
frequency component. However, since amplitude modula-
tion (attenuation) only reduces the total population, we
will only be using it for controlling the phases of each
frequency. As stated, this can be done in parallel and
independently, thus we can write the corresponding gate
operator as
UˆPS =
d∑
j=1
eiθj |j〉〈j|, (6)
where d is the number of frequency bins in the system,
which should be equal to the number of qudit levels.
The phase, θj , of each mode is the parameter we wish
to optimize in our parameterized quantum circuit. This
means that there are 2N parameters to optimize classically.
Thus the number of parameters increases more rapidly
than the case of regular PQCs as in Fig. 1, where the
number of parameters increases linearly. This means
8that we increase the complexity of the classical part of
the computation, however, it significantly decreases the
quantum mechanical complexity of the calculation as we
are now only concerned with a few gates per layer.
We calculate the expressibility and entangling capability
of the phase shaper gate acting on the state in Eq. (5), i.e.,
UˆPS|i〉, for a different number of qudit levels. In order to
relate this to the other qubit circuits we consider 2N levels
and plot the results in Fig. 5 together with qubit PQCs
with N qubits. We observe that the relative expressibility
of the phase shaper PQC matches the expressibility of
the best qubit PQCs.
We also note that the entangling capability of the phase
shaper gate beats all of the regular PQCs even for just
a single layer. This fact means that we can significantly
decrease the quantum mechanical part of the computation
as we only require one gate in our circuit in order to
obtain optimal expressibility and entangling capability.
This is, however, at the expense of increasing number of
parameters. A priori, one might consider employing the
same trick as with the single rotations in qubit PQC, in
Section II, and remove some of the phase rotations in the
phase shaper gate. However, this is not a fruitful tactic.
A simulation of the expressibility of the phase shaper gate
as a function of the number of phase rotations, shows
that gate needs more or less all phase rotations for it
to have a significant expressibility. See Fig. 21 in the
appendix for plots of the result. We have only considered
systems consisting of a single qudit, however, it would be
interesting to see if one could find some middle ground
between one 2N -level qudit and N qubits, where the
number of parameters is optimal without increasing the
quantum mechanical complexity too much.
Note that the entangling capability only makes sense
in relation to the phase shaper circuit as long as we apply
a 1:1 mapping between the qudit states and the qubit
states.
Despite the superior expressibility and entangling ca-
pability of the phase shaper gate, it is still not evident
that it can be used in HQC algorithms such as the vari-
ational quantum eigensolver and others. If we consider
the resulting state when acting with the phase shaper on
the state in Eq. (5) we find
UˆPS|i〉 = 1√
d
d∑
j=1
eiθj |j〉. (7)
Thus we have obtained an even superposition with full
control over the phases. However, it is not possible to
remove any states from the superposition by varying the
parameters. This could become a significant problem if
the states are used for HQC algorithms. It is possible to
vary the amplitudes of the ps gate at the expense of de-
creasing the possibility of observing the photon. However,
preliminary tests indicate that variation of amplitude in
the PS gate does not lead to noticeable improvement.
In order to add some entangling power to the ps gate,
we propose to add a discrete Fourier transform (dft)
gate [46] followed by another phase shaper gate. The
Discrete Fourier Transform gate is essentially a uniform
beamsplitter which splits the beam into a number of
modes, where the phase of each mode is matched to that
of the a discrete Fourier transform. Such a gate can be
created by combining an electro-optic phase modulator
(eom), a phase shaper, and then once more an eom [46].
See Fig. 6.
The electro-optic phase modulator is composed of
a waveguide which is formed by diffusing an electro-
optic material (typically Ti) into a dielectric substrate
(typically LiNbO3) and a set of driving electrodes [53].
Consider the electrodes driven by a voltage function
∆V (t) = V0 cos(∆ω0t + θ) plus an unimportant con-
stant contribution, which result in a global phase change,
which is why we ignore it. Classically this results in
a phase shift of the incoming electromagnetic wave of
exp(−ipi∆V (t)/Vpi). Here, Vpi is the DC voltage required
for a constant pi phase shift. For simplicity we absorb the
constants pi and Vpi into ∆V (t). The resulting quantum
transformation of the electro-optic phase modulator in
photon-frequency notation is then
UˆEOM =
∫
dω
2pi
V0+1∑
n=−V0−1
(−ie−iθ)nJn(V0)aˆ†(ω+n∆ω0)aˆ(ω),
(8)
where Jn are the Bessel functions of the first kind and aˆ
and aˆ† are the photon annihilation and creation operators.
Thus each eom gate has two parameters V0 and θ which
can be controlled. Combining two eom gate around a
single phase shaper gate can be used to realize a dft gate
[46], see Fig. 6.
We expect that this combination of gates will perform
well in a HQC algorithm utilizing frequency photonics
systems, since it will be capable of controlling both the
phase and amplitude of the states in the superposition.
We leave it to future work to verify this. A calculation of
the expressibility and entangling capability of the circuit
yields the same result as for the single phase shaper gate,
which we believe is the maximum possible expressibility
and entangling capability for this number of bins.
V. CONCLUSION AND OUTLOOK
We have investigated the expressibility and entangling
capability of Ref. [19] for parameterized quantum circuits
for at different number of single-qubit rotations. We have
found that both the expressibility and entangling capabil-
ity can be saturated using less single-qubit rotations than
the maximum amount. In particular it should be enough
to employ 5-10 rotations per qubit. This could signifi-
cantly decrease the classical computational complexity of
many hybrid quantum classical algorithms. We also find
that it is subordinate where these single-qubit rotations
are placed in the circuit.
Once the saturation point is achieved in regards to
the single-qubit rotations, the only remaining parameter
9to change is multi-qubit gates in each layer. We find
that when the number of qubits in the circuit exceeds
nine, good expressibility can be achieved with just single-
qubit rotations. However, the entangling capability is still
dependent on multi-qubit gates, and thus one must use
a highly entangling gate as a multi-qubit gate, such as
the cnot gate or the Diamond gate [32], which seems to
converge towards an entangling capability of 1 when the
number of the qubits increases. Other gates such as the
iswap gate or multi-qubit gates dominated by controls
are not as adequate.
We also find that the expressibility is dependent on the
multi-qubit gate being an entangling gate. Using non-
entangling gates, such as swap gates, in each layers yields
an expressibility equal to that of the identity. This shows
that the expressibility cannot be completely separated
from the quantum mechanical part of PQCs.
It is our assesment that an efficient parameterized quan-
tum circuit can be created by employing a number of
highly entangling gates such as the Diamond gate or the
cnot in each layer, for three layers and then doing 5-10
single-qubit rotations on each qubit. The placement of
the single-qubit rotations can be randomized.
We have also considered whether it was possible to
create a useful photonic PQC, which means using no
single-qubit rotations. Using a single phase shaper gate,
we obtain an expressibility and an entangling capability
comparable to the best regular PQCs. This could open
up for a new exploitation of photonic circuits in HQC
algorithms, which could increase the computational power
of such algorithms, since photonics might be able to ac-
commodate more states than the current working number
of qubits in e.g. superconducting circuits.
A high expressibility and entangling capability are of
course not enough to prove that PQCs are useful for HQC
algorithms. A next step would then be to investigate the
PQCs mentioned in this paper in an actual HQC setting.
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Appendix A: Diamond gate
Here we present the Hamiltonian and unitary of the Diamond gate. For at more detailed discussion see [32]. The
Hamiltonian of the diamond gate is
H = −1
2
(Ω + ∆)(σT1z + σ
T2
z )−
1
2
Ω(σC1z + σ
C2
z ) + JCσ
C1
y σ
C2
y + J(σ
C1
y + σ
C2
y )(σ
T1
y + σ
T2
y ). (A1)
In the main text we set JC = 0 and obtain the following unitary of the four qubit gate
Udia =

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

. (A2)
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Appendix B: Expressibility plots
Here we present expressibility plot for layers L = 1, 2, 3, and 4 for N = 4, 6, and 8 qubits.
Udia
Figure 7. Relative expressibility of different circuits with N = 4 qubits and L = 1 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) three cnots, (c)
diamond gate, (d) double controlled iswap, (e) three swaps, (f) three iswaps, (g) triple controlled not, (h) triple controlled
inot.
Udia
Figure 8. Entangling capability of different circuits with N = 4 qubits and L = 1 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) three cnots, (b) diamond
gate, (c) double controlled iswap, (d) three iswaps, (e) triple controlled not, (f) triple controlled inot.
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Figure 9. Relative expressibility of different circuits with N = 4 qubits and L = 2 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) three cnots, (c)
diamond gate, (d) double controlled iswap, (e) three swaps, (f) three iswaps, (g) triple controlled not, (h) triple controlled
inot.
Udia
Figure 10. Entangling capability of different circuits with N = 4 qubits and L = 2 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) three cnots, (b) diamond
gate, (c) double controlled iswap, (d) three iswaps, (e) triple controlled not, (f) triple controlled inot.
14
Udia
Figure 11. Relative expressibility of different circuits with N = 4 qubits and L = 4 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) three cnots, (c)
diamond gate, (d) double controlled iswap, (e) three swaps, (f) three iswaps, (g) triple controlled not, (h) triple controlled
inot.
Udia
Figure 12. Entangling capability of different circuits with N = 4 qubits and L = 4 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) three cnots, (b) diamond
gate, (c) double controlled iswap, (d) three iswaps, (e) triple controlled not, (f) triple controlled inot.
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Figure 13. Relative expressibility of different circuits with N = 6 qubits and L = 1 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) five cnots, (c)
two diamond gates, (d) iswap with four control qubits, (e) five swaps, (f) five iswaps, (g) not with five control qubits, (h)
inot with five control qubits.
U
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Figure 14. Entangling capability of different circuits with N = 6 qubits and L = 1 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) five cnots, (b) two diamond
gates, (c) iswap with four control qubits, (d) five iswaps, (e) not with five control qubits, (f) inot with five control qubits.
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Figure 15. Relative expressibility of different circuits with N = 6 qubits and L = 2 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) five cnots, (c)
two diamond gates, (d) iswap with four control qubits, (e) five swaps, (f) five iswaps, (g) not with five control qubits, (h)
inot with five control qubits.
U
dia U
dia
Figure 16. Relative expressibility of different circuits with N = 6 qubits and L = 3 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) five cnots, (c)
two diamond gates, (d) iswap with four control qubits, (e) five swaps, (f) five iswaps, (g) not with five control qubits, (h)
inot with five control qubits.
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Figure 17. Relative expressibility of different circuits with N = 6 qubits and L = 4 layers as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) five cnots, (c)
two diamond gates, (d) iswap with four control qubits, (e) five swaps, (f) five iswaps, (g) not with five control qubits, (h)
inot with five control qubits.
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Figure 18. Relative expressibility of different circuits with N = 8 qubits and L = 1 layer as a function of the number of rotations.
The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) seven cnots, (c)
three diamond gates, (d) iswap with six control qubit, (e) seven swaps, (f) seven iswaps, (g) not with seven control qubits,
(h) inot with seven control qubits.
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Figure 19. Relative expressibility of different circuits with N = 8 qubits and L = 2 layers as a function of the number of
rotations. The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) seven
cnots, (c) three diamond gates, (d) iswap with six control qubit, (e) seven swaps, (f) seven iswaps, (g) not with seven
control qubits, (h) inot with seven control qubits.
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Figure 20. Relative expressibility of different circuits with N = 8 qubits and L = 3 layers as a function of the number of
rotations. The inset in the right upper corner of each plot shows the entangling gate used in each layer. (a) Identity, (b) seven
cnots, (c) three diamond gates, (d) iswap with six control qubit, (e) seven swaps, (f) seven iswaps, (g) not with seven
control qubits, (h) inot with seven control qubits.
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Figure 21. Relative expressibility of phase shaper gate corresponding to N = 4, 6, and 8 qubits and L = 1 layer as a function of
the number of phase rotations.
